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1 Introduction 

The purpose of this paper is to prove the following result. 

Theorem 1. Let V : R 2 — ► R be a measurable function such that \V(x)\ < C(l + 
(3 > 3. Assume in addition that zero is a regular point of the spectrum of 
H = -A + V. Then 

lle^p^/ll^qii-'ll/lli 

for all f G L^R 2 ). 

The definition of zero being a regular point amounts to the following, see Jensen, 
Nenciu |JenNenj and Definition [7| below: Let V ^ and set U = signV, v = \V\z . 
Let P v be the orthogonal projection onto v and set Q = I — P v . Finally, let 



{G f){x) := -— [ log \x - y\ f(y) dy. 



Then zero is regular iff Q(U + v Gqv)Q is invertible on QL 2 (R 2 ). 

Jensen and Nenciu study ker[Q([7 + vGqv)Q] on QL 2 (E?). It can be completely 
described in terms of solutions ^ of H^f = 0. In particular, its dimension is at 
most three plus the dimension of the zero energy eigenspace, see Theorem 6.2 and 
Lemma 6.4 in jJenJNenj . The extra three dimensions here are called resonances. 
Hence, the requirement that zero is a regular point is the analogue of the usual 
condition that zero is neither an eigenvalue nor a resonance of H. 

As far as the spectral properties of H are concerned, we note that under the 
hypotheses of Theorem ^ the spectrum of H on [0, oo) is purely absolutely contin- 
uous, and that the spectrum is pure point on (— oo,0) with at most finitely many 
eigenvalues of finite multiplicities. The latter follows for example from Stoiciu jSto] . 
who obtained Birman-Schwinger type bounds in the case of two dimensions. 

Theorem Q appears to be the first L 1 — > L°° bound with decay in R 2 . 

Yajima |Yaj| and Jensen, Yajima JenYajj proved the L P (R 2 ) boundedness of the 
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wave operators under stronger decay assumptions on V(x), but only for 1 < p < 
oo. Hence their result does not imply Theorem ^ Local 1? decay was studied by 
Murata MuJ, but he does not consider L 1 — > L°° estimates. 

The first L 1 (K n ) -> L°°(R n ) bounds for e itH with |t| - ? decay were obtained by 
Journe, Soffer, and Sogge JouSofSog . However, their argument depends on the fact 

n 

that t 2 is integrable at i = oo, and thus only applies for n > 3. In dimension n = 1 
Weder |Wedj obtained the |i|~2-decay under some conditions on V which were then 
relaxed by Goldberg and the author [GolSchj . However, the case n = 2 remained 
open. 

As usual, the proof of Theoremnbreaks up into two regimes: energies bigger than 
Ai and energies in (0,Ai). Here Ai > is some small constant. The corresponding 
statements are Propositions HI and 1111 below. Theorem ^ then follows by combining 
these two Propositions. For energies in (0,Ai) we use the recent results of Jensen 
and Nenciu |.7enNenj on expansions of the resolvent (H — (A 2 db iO))^ 1 for A close to 
zero. Since we require somewhat finer estimates on various error terms, we give a 
complete derivation of this expansion. However, we emphasize that this derivation 
is of course merely a variant of a special case of the expansions in jJenNenj . In fact, 
the main achievement of Jensen and Nenciu is to determine the expansion of the 
perturbed resolvent in the presence of resonances and eigenvalues at zero. 



2 Energies separated from zero 



The main purpose of this section is to prove the dispersive estimate for the evolution 
restricted to energies [Ai,oo), Ai > 0. This will be accomplished by an expansion 
of the perturbed resolvent into a finite Born series, see (|18jl and (|19j) . The main 
difficulty is to obtain the dispersive bound for each term of the Born series. This 
is done in Lemma |3] below. For the remainder (J19|) in the Born expansion, which 
still contains the perturbed resolvent, we use the limiting absorption principle. The 
approach in this section is modelled after that in |GolSch| . which in turn had its 
origins in the work of Rodnianski and the author RodSch . 

LemmaEJis a variant of the standard stationary phase method. In what follows, the 
notation x < y means that x < Cy for some constant C. 



Lemma 2. Let (f)(0) = cp'(0) = and 1 < <f>" < C. Then 



o(x) dx 



<S 2 



Kg)l , 

82 + \ x \2 +xi\x\>s\ —or ]dx 



(1) 



where 5 = \t\ 
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Proof. With rj being a standard cut-off one has 



< 



a (x)ri(x/S)dx 



+ 



3 U ^a(x)(l - V (x/S))dx 



< 



< 



x\<6 



\a(x) \ dx + 5 2 



a(x)(l — rj(x/S)) 



\x\<6 



\a(x) \ dx + 5 2 



W><5 



lg(g)j , \ a '( x )\ 

I I o ~T~ II 



x 



dx 
dx, 



as claimed. 

It is well-known that 



□ 



-A-(\ 2 ±iO))- l ( X ,y) = ± l -H±(\\x 



where Hq are the Hankel functions of order zero with H Q = Hq . They have the 
form 

H o(y) = e %(v ~ l) u{y)x[ y >i] + u(y)x[o< y <i] 

and satisfy the bounds \u>(y)\ < \y\~z if y > 1 and \co(y)\ < | log j/| of < y < \. 
Moreover, one has for all positive integers u, 

l^ H (y)l < \v\- v ~* if y>i 
\" {v) {y)\ < \y\~ v if o< y <i. 

Set u+(y) = Xi(y/yo)v(y) where xi(y) = if y < 1 and = 1 if y > 2. Here y > 1 
is a fixed constant. Define w_(y) via u = uj + + u—, i.e., u;_(y) = (1 — Xi(y /yo))u(y) 
(in Section |3] the functions w+ and u;_ will take on a different meaning, not to be 
confused with the one here). Let 



\V\\ic := sup / (l + log \x-y\) \V(y)\dy, 
x£R 2 Ji 2 v 7 



(2) 



where log - u = — X[o<u<i] logu. Finally, pick a cut-off X2 so that X2(y) = 1 if 2/ < 1 
and X2(y) = if y > 2. The following lemma is one of the two main technical 
ingredients of the high energy part. We urge the reader not to be distracted by the 
technical appearance of the proof. Indeed, the bound (jSJ) can be derived heuristically 
as an immediate consequence of stationary phase. However, some cases do need to 
be distinguished due to various cut-offs in the integrand. 
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Lemma 3. Assume ||V"||x; < oo. Let {1, 2, . . . , m} = J U J* be a partition. Then 
sup / / 0O Ae l (' A2±A ^l^-^l) X i(A)x2(A/L) TJ W+ (A|^_i -*,|) 

L>1 JlR2(m-l) J " 



x ,x r 



m—l 



Y\ u-(X\x e -i - x e \)d\\ Y[\V(x k )\dx 1 . . .dx m -i <\t\ 1 \\V\ 



m—l 
/C 



(3) 



fc=i 



wrei/i a constant that only depends on m. 

Proof. The heuristic reason for this bound is as follows: Let dj = \xj — Xj—i\ and 
s = J2jejdj- If there is a critical point of the phase, then it is Aq = ^ (assuming 
t > 0). We may assume that Ao > 1, otherwise the integrand vanishes at Ao- Using 
stationary phase, the inner integral is then bounded by 

Ha (A s)-5 J] log-(Ao^) < t- 1 11 log-(cfc). 



eej* 



1&.J* 



Inserting this bound into (jSJ) then yields the desired result by an application of 
Cauchy-Schwartz, see © below. 

To make this rigorous, we start off integrating by parts: Then 



jeJ eej* 

,!,A2±As) X / i(A)x2(A/L)n^+(A^) [J "_(Ad*)dA 
jeJ leJ* 

e ^±A s ) Xi(A)x , (A/L) -Q w+(H . ) JT ^{Xd t )d\ 

i(a2±As) Xi(A)x 2 (A/L) n^+(H0 II "~Wt)d\\ (4) 



\t\ 







POO 

( e ' 


1 

+ I 


poo 

L 




roo 

/ 6 
/() 


fceJ 


+ 4 



e *(*A 2 ±A S ) Xi 



g i(a 2 ±As) 



(A) X2 (A/L)a;;(A4)n a; +(H-) II M^)dA 
Xl (A)x2(A/L)IJw+(H-)wL(Ad fc ) n u-{Xd e )dX 



=: A* + B± + C± + + 
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Let k(x,y) := 1 + log \x — y\. Then since log is decreasing, 
1^1 < / lxi(A)| II |w-(Ad,-)|dA 

jEJ* 

< I lx'i(A)| H (1 + log- (Xd^dX^ I |xi(A)| H (I + log- (dj))dX 

jej* J jeJ* 

< Yl K x j-i> x 3)- 

jeJ* 

Hence the contribution of A to © is 

„ m m— 1 

< / y\k(xj-i,Xj)\\ \V{xj)\dxx...dx m -i 

J R 2(m-l) g 

/m— 1 
^ 2 (x ,xi)|y(xi)| + |y(j;i)|A; 2 (xi, jc 2 )J Y\ |V(xj-)|fc(a;j, a^+i) cfci . . . dx m -\ 

3=2 

< wwr 1 - (5) 

For the remainder of the proof we set 

P* = J k(xj—i,Xj) 
j&J* 

with the understanding that = 1 if J* = 0. Similarly, for L > 1, one has that 

i r 00 

1^1 < t / IX2(A/^)| II d\ < P m . 

Jo jEJ* 

Hence the contribution by to © is again < H^ll^" 1 . The terms D ± ,E ± arc 
also easy to deal with. Indeed, one has 



i^i < X) d * / (i+A4r 5 ii( 1+ Hr^AP* 

= / [-2n( i +H-)~ | 



dX P* — 2 -P* . 

jeJ J 

As far as E is concerned, we conclude similarly that (with some small constant 
c> 0) 



/CO 
(dk^X^KX] II ^g-(cXdj)d\ 

/oo 
[- n log-(cA^) 



'dA <P*. 



5 



We now apply Lemma[2]to C with (f>-(X) = A 2 — A| and 

a(A) = a + (A) JJ u^Xdj), a+(A) = Xl (A) X2 (A/L) JJ W+ (Ad,). (6) 
jeJ* j&J 

Note that 

l«(A)| < o+(A) JJ k(x j - 1 ,x j ) = a+(\)P* (7) 

l«'(A)| < |a' + (A)|P,+ ^|a + (A)|A- 1 X[Adj < 1] n(l + log-(A4)). (8) 

jeJ* fcgj* 

Set ^(y) = 1 + k>g~(y) so that fif'(y) = -X[Q< y <i\y~~ l ■ Define 

6(A) = JJ g(cXdj) with some small c > 0. (9) 

Then < 6(A) < UjeJ* k ( x j-l, x j) for A > 1 and 

l«'(A)| < \a' + (X)\P* + |a+(A)||6'(A)| < \a> + (X)\P* + a (A)(-6'(A)) (10) 
where a (A) = xi(A)x 2 (A/L) UjeA 1 + HO"^- 

One has <^'_(Ao) = for Ao = ^. We first assume that Xi(Ao) / as well as 
Ao G supp(u;+(dj-)) for each j G J. These assumptions translate into Ao > 1 and 
mhijgj Xodj S> 1. The latter condition implies that Aq = ^> t -1 and thus 

Xq 5 = \t\~z. Next, we use Lemma[2]to bound | C | . On the one hand, 
7 5 2 + |A-A | 2 

~ A -^ 2 + (A-A ) 2dA + s ' A 7a^f" a 



i r 00 l _ r^o—s 

< s5 2 (l + X s)-2 — — dX + ^ 2 

Jx -s 5 2 + {X- x y J 1 



dX 



Xo _ 5 8 2 + (A - A ) 2 A ^A(Aq-A) 2 

3 





< ^A ^ + ^ 2 A 5 
£ v/f A ^ + ^ A-^A- 1 < 1. (11) 
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On the other hand, see ()1U|) . an integration by parts yields 

\a'(X)\ 



|A-A |>5 l A ~ A ol 



<s5 



<8& 



+ sS 2 



\X-X \>6 |A-A | 



A-A |><5 |A — A 
A °" 5 Oq(A)6(A) 



dX + s5 2 
dX + s8 2 



a (X)(-b'(X)) 



A-A ]><5 |A— Ao| 
a (A)6(A) 



dX 



X-X \>S 



|A - A c 



f/A 



(A - A ) 2 



dX + s5 



2 a (X)b(X) 



|A-Ao| 



(12) 
(13) 



A-A =±5 

By the estimates leading up to (fTTj) one has (fT3|) < P*. On the other hand, 
m < sPP* r (tIA2(A/^)|(1 + Aa)-3 + A- X (l + Xs)^ dX 
/ [lxi(A)|(l 



A- A 



+ S^P* 



L(l + As)2 

+ £ d,-(l + Xdj)~l JJ(1 + Ad fc )-5 
7'gJ fceJ 



dA 



A -A 



(14) 



It will be convenient to resum the expression on the right-hand side of (|14|) by 
rewriting it derivative. This yields 



CI < VtSXo + s5 2 P* f X ° S [ - J](l + Ad fc )-3 

/•Ao— 5 j\ 

+ s5 2 p,rr(i + A4)^^ T ^ T 

< P* + ^<$ 2 P* ^ 



' dA 
A -A 



rAo-5 



A2(Ao-A) 2 



+ sS 2 Xo 1 P* 



< P* + (V^ 2 A 5 + v^<5A ~ 2 )P, < P. 

In view of the preceding, |C~| < P* provided Ao > 1 and min^g j Ao<ij S> 1. This 
gives the desired contribution to (J3J). 

Now suppose that Ao > 1 but minj g j Aodj < 1. Let /u = mhij g j dj so that /i < Aq . 
By construction, supp(a) C [C/i _1 ,oo) for some large C. Therefore, A 3> Aq as well 
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as A — A > A on supp(a). By Lemma [5J 



\C \<s5 max \ a {\)\+s5 2 
[Ao-(5,A +<5] 



KA)| + |a'(A)| 



A +^(^~^o) 2 A - A c 



dA 



< y/s6X 2 X[s<t:x ]P* + sS(l + sfi l ) 2 X{s>\ ]P* + s$ 2 



KA)| | |a'(A)| 



A 2 



cZA 



< P + 



|a(A)| , WW\ 



A 2 



dA. 



To bound the integral we use 

KA)| < (1 + a\)-*X[\>v-i]P* 

W(X)\ < x-\i + s xrhix>^]P*, 

see (J7J) and ©. Therefore, 



s5 2 



a(X)\ + K(A)j 



iL A 2 



o!A < s^P* 



(1+Ag)~2 

A 2 



r/A 



(15) 



< v^V p * < s5 2 liP* = Ao/iP* < P*, 



where we used n < s to pass to the second inequality in the second line. It remains 
to consider the case when Ao -C 1. Note that a(A) = if min je j Xdj < 1, which 
is the same as A < it 1 . Also, a[X) = is A < 1. Then, again via Lemma |2 one 
obtains as in (fT5|) . 

/>oo 

\C-\ < V~s5 2 P* / A-f dX < yfs8 2 {l + /i- 1 )-^, 
^ \/s^ 2 X[ /t >i]P* + ^V^X^ijP* 



s s 



The lemma is proved. 



□ 



Proposition 4. Assume that \V{x)\ < (1 + |x|) 13 for some (3 > 2. LetH = —A + V 
and Ai > be fixed. Then 



sup 

L>1 



e itH X 2(VH/L) Xl (VH/X 1 )f,g 



< itr 1 



up 



/or a// /, <? G 5(IR 2 ). T/ie constant here depends only on V and X\. 

Proof. Let P^ (A 2 ) = (—A + V — (A 2 ± zO)) -1 be the perturbed resolvent. It satisfies 
the limiting absorption principle, see Agmon Agm , 



Pv(A 2 )||l 2 . ct (r2)^l 2 . 



< CO 



(16) 
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provided a > 5. Here L 2,<T (R 2 ) is the usual weighted space with norm 

(l + \x\) 2 °\f(x)\ 2 dx)\ 



2,cr 



In addition, one has 



||3Ai?y(A 2 )|| L 2, CT ( K 2)_ >L 2,-<T( M 2) < 



oc 



provided a > §. The free resolvent satisfies the same bounds with some decay in A, 
say X~~ a . The exact value of a > is not relevant for our purposes. One has 

[e UH X2(VH/L) Xl (^/H/X 1 )f,g] 



jtx 2 







A X2 (A/X) Xl (A/A 1 ) ( [R+(X 2 ) - R v (X z )]f,g 



dX 



(17) 

(18) 
(19) 



We use the resolvent expansion 

2m+2 

R±(X 2 ) = £ R±(X 2 )(-VR±(X 2 )Y 

+ R^(X 2 )(VR^(X 2 )rVR$(X 2 )V(R^(X 2 )VrR^(X 2 ). 
Here m is a positive integer that depends on a. Recall that 

i? ± (A 2 )(x,y) = ±^ ± (A|x-y|) 

(the Hankel functions of order zero). By Lemma each of the finitely many terms 
in (|18|) leads to the desired time-decay in (|17|) . In fact, this only requires that 
< 00. For the term ()19|) one proceeds as in the three-dimensional argument 
via the limiting absorption principle and stationary phase, see |GolSchj . Following 
Yajima |Yaj| , set 

G±, x (X)( Xl ) := e^R±(X 2 )( Xl ,x). 
Removing /, g from (|17|) , we are led to proving that 



e' iA e ±lA ^l+^D X2 (X/L) Xl (X/X 1 )X(VR$(X 2 )V(R^(X 2 )VrG ± , y (X), 



(R^(X 2 )VrG^ x (X))dX 



< itr 1 



(20) 



uniformly in x,y G M. 2 and L > 1. Next, we check that the derivatives of G+ tX (X) 
satisfy the estimates (for A > Ai > 0) 



sup 
sup 



d{G±, x (X) 



< Cj t(T X 2 (x) 6 provided a > - + j 



L 2 -" 



<Cj y(T (X(x)) 2 provided a>l + j 



(21) 
(22) 
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for all j > 0. The small e > in (|21jl depends on a. The bound 1)22(1 is Lemma 3.1 



in |Yaj| . Alternatively, both bounds follow easily by writing H Q (u) = e u p±(u 
where \p±(u)\ < | log"(u)|x [0 <u<i] + u ~*X[u>i] 



i,. Thus, consider 

2J 



9te**to-*\-Wp±(\\x-y\)(y)-'' 



< 



< 



(y) 2 ^\p ± (X\x-y\)\ 2 dy 

(yf^llogiMx-y^dy + X- 1 I (y) 2 ^\y - x\~ x dy 



<[\\x-y\<\] 

The stated bounds now follow by making the appropriate choices of a depending 
on j. 

Rewrite the integral in 1)20)1 in the form (with L = 00) 



I (t,x,y) := / < 
/o 



itx 2 ±i\(\x\+\y\) a ± (A)dA. 



(23) 



By the aforementioned bounds on i?^(A 2 ) and i?^(A 2 ) on weighted L 2 -spaces, which 
provide decay in A, as well as 1)21)1 . 1)22)1 . one concludes that a^ J/ (A) has one derivative 
in A and 



oJ y (A) <(l + A)- 2 «x)(y»-5 for all A > A x 



5Aa± (A) <(l + A)- 2 (x)- 



for all A > Ai, 



(24) 
(25) 



which in particular justifies taking L = 00 in ()23j) . This requires that one takes m 
sufficiently large and that |V(x)| < (1 + |^|) - ^ for some f3 > 2. The latter condition 
arises as follows: Consider, ()24)1 . Then by ()21j) and the limiting absorption principle, 
respectively, we need to write V = V1V2, where V\ decays like (x}~ 1 ~ £ , whereas the 



other should decay like {x)~2~ £ . Thus, in this case f3 > | is enough. On the other 
hand, in l)25|) one derivative may fall on one of the G-terms at the ends. Then V 
has to compensate for a | + e power because of 1)21)1 . and also a | + e power from 
the limiting absorption principle. Similarly with the other terms. 

As far as I + (t,x,y) is concerned, note that on the support of a^ y {\) the phase 
t\ 2 + A(|x| + \y\) has no critical point. A single integration by parts yields the bound 
\I + (t,x,y)\ < t^ 1 uniformly in x,y £ M 2 , see pijl. 

In the case of I~(t,x,y) the phase t\ 2 — X(\x\ + \y\) has a unique critical point 
at Ao = (\x\ + \y\)/(2t). If Ao -C Ai, then a single integration by parts again 
yields the bound of t . If Ao > Ai then the bound max(|x|, \y\) > t is also true, 
and stationary phase contributes t~^{{x){y))~^ < t , as desired. To make this 
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rigorous, apply Lemma EJ 
\I~(t,x,y)\ 

< |f| _i i KyW\ dX | f \dxa^ y (X)\ dX 

5 2 + |A - A | 2 J[\\-x \>8] |A ~~ ^o| 



o <5 2 + |A-A | 2 J[\x-x \>s] |A — A, 



< It 



-i 



since (x) + (y) > t. Note that when < t < 1 one has the better bound (^(t, x,y)\ < 
1 by (HID. □ 

3 Energies close to zero 

The following lemma is a variant of the standard asymptotic expansion around zero 
energy of the free resolvent on M 2 . The estimates on the error terms are written in 
a somewhat unusal form, which is the one needed later in the proof. 

Lemma 5. Let Rq{\ 2 ) = (—A — (A 2 ± iO))" 1 be the free resolvent in R 2 . Then, for 
all A > 0, 

^(A 2 ) = [ ± I - -L 7 - i- log(A/2)] P + Go + Eq(X). (26) 

Here P f := J R2 f(x) dx, G f(x) = -± J R2 log \x - y\ f(y) dy, and the error Eq(\) 
satisfies 

|| su P A-^| J E ± (A)(-,-)l || + || sup\^\d x E±(\)(.,.)\ || < 1 (27) 

0<A 0<A 

with respect to the Hilbert- Schmidt norm in B(L 2 ' S (R 2 ), L 2 ~ S (R 2 )) with s > §. 
Proof. One has, with A > 0, 

R±(\ 2 )(x,y) = ± l -H±(\\x-y\) (28) 

where the Hankel functions are 



H±{z) = J (z)±iY (z) 



2 2 

1 ± i-7 ± i- log(z/2) + 0(z 2 log z), 

7T 7T 



^-H Q ± {z) = ±i— + 0{z\ogz) 
dz nz 



This is an expansion around z = 0. Around z = oo the expansion is given by 
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with a(z) = 1 - ± . . . and b(z) = & ± . . .. Now let 



E±(\)(x,y) := Rt(\ 2 )(x,y) ~ [± J - ^7" ^log(A/2) 



1 , i 

Z7T 



Then 



l^(A)(x,y)| 

< X 2 \x - y\ 2 \ log(X\x - y\)\X[X\x-y\<l] + [1 + log(A|x - y | )]X[A|x-y|>l] 

< X 2e \x - y\ 2e \ log(A|x - y\)\X[\\x-y\<i] + [1 + log(A|a; - y\)]X[X\x-y\>l]- 

Hence 

supA~ £ |£^(A)(x,y)| < |x - y| £ . 

0<A 

Since the right-hand side has finite Hilbert-Schmidt norm as an operator L 2,S (R 2 ) — > 
L 2 ~ S (R 2 )) with s > 1 + e, we obtain the first part of (J2JJ). On the other hand, 

A 1 - £ |a A i? ± (A)(x,y)| 

< A 2 ~ e |:r - y\ 2 \ log(A|x - 2/|)|X[A|z-2,|<i] + [^' e \x - y\* + \~ £ }X[\\x- y \>i] 
<\x- y\ e + X*~ e \x - y\*X[X\x-y\>l]> 
and therefore, setting e = 5, 

supA5|5 A ^(A)(j;,y)| < |a?-y|s. 

0<A 

Since the right-hand side has finite Hilbert-Schmidt norm as an operator L 2,S (IR 2 ) — ► 
L 2 '~ S (M 2 ) with s > §, the lemma follows. □ 

Now let V : M. 2 R, V ^ 0, satisfy |V(a;)| < (1 + |»|)~ 2/3 for /3 > § (this condition 
arises because of the condition s > | in the previous lemma). Following Jensen 
and Nenciu |JenNen| we set U(x) = 1 if V(x) > and U(x) = —1 if V(x) < 0. 
Also, v(x) := |V(a;)| 2 decays like (1 + |x|) _/3 . The following corollary is therefore an 
immediate consequence of Lemma |5J 

Corollary 6. For A > define M ± (A) := U + vR^(X 2 )v. Let P = jj^ denote the 
orthogonal projection onto v. Then 

M ± {\) = g ± (X)P + U + vG v + vE± (X)v. (29) 

Here Go, Ej^(X) are as in Lemma\^ and g^iX) = \\V\\i ( ± | — 7^7 — ^ log(A/2)^ . 
The remainders satisfy 

\\v supX-^E^X^-r^vWHS + \\vsupX^\d x E h (X)(;-)\v\\ HS < 1 (30) 

0<A 0<A 

with respect to the Hilbert-Schmidt norm on L 2 (M. 2 ). 
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The following definition is motivated by |J enJN enj . cf. the case of Si = in their 
Theorem 6.2. 

Definition 7. Let Q = 1 — P. We say that zero is a regular point of the spectrum 
of H = — A + V provided Q(U + vGqv)Q is invertible on QL 2 (M. 2 ). In that case set 
Do '■= [Q(U + vGqv)Q]~ 1 as an operator on QL 2 (R 2 ). 

Jensen and Nenciu show that Q(U +vGov)<f> = with $ G QL 2 (R 2 ) implies that = 
Uv^f where = in the sense of distributions and Vl/ S L°°(M 2 ). Thus Definitional 
captures what is sometimes described as absence of zero-energy eigenfunctions and 
resonances. 

The following lemma is a technical statement that will be used repeatedly in our 
argument. 

Lemma 8. Let Dq be as in Definition^ Let K be the kernel of the operator QDqQ. 
Then the operator with kernel \K\ is again L 2 -bounded. 

Proof. For the purposes of this proof we introduce the following terminology: A 
bounded operator T on L 2 (R 2 ) is called absolutely bounded if the absolute value of 
its kernel gives rise to a bounded operator on L 2 (M. 2 ). Note that Hilbert-Schmidt 
operators are absolutely bounded. 

Suppose / G QL 2 (1R 2 ) such that QU f = 0, / ^ 0. Then Uf = cv for some scalar c ^ 
0. Hence / = cUv and Pf = requires that (/, v) = c(Uv,v) = c L 2 V(x) dx = 0. 
Since this argument can be reversed, 

ker QL 2 (QUQ) = {0} iff / V{x) dx + 0. 

Case 1: J R2 V(x) dx ^ 0. 

In this case we claim that QUQ : QL 2 (R 2 ) -» QL 2 (R 2 ) is invertible. More 
precisely, one checks that for any g £ L 2 with Qg = g 

f = Ug + CQUv with cq _ ^ 



J R 2 V(x) dx 

solves QU Qf = g, Qf = f. It is evident from this explicit formula that Q(QU Q)~ 1 Q 
is absolutely bounded. Moreover, on QL 2 , 

[Q(U + vG v)Q}- 1 = {QUQY l [Q + QvG a v{QUQ)- l Q}- 1 . (31) 

Now vGqv is a Hilbert-Schmidt operator since v decays faster than (1 + |x|) _1_e . 
Hence W := QvGqv{QUQ)~ 1 Q is also Hilbert-Schmidt. Finally, as an identity on 
QL 2 , 

[Q + QvGvv{QUQ)- l Q}- 1 -Q = -\Q + W]~ l W. 

Since the right-hand side is Hilbert-Schmidt, we see from (|3T|) that [Q(U ' +vGqv)Q]^ 1 
is the composition of an absolutely bounded operator with the sum of an absolutely 
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bounded operator and a Hilbert-Schmidt operator. Hence it is itself absolutely 
bounded, as claimed. 

Case 2: J R2 V(x) dx = 0. 

In this case we remark that is an isolated point of the spectrum of QUQ. 
Let 7ro denote the Riesz projection onto kev(QUQ) in QL 2 . From the preceding, 
vr (/) = \\V\\^ l (f,Uv)Uv. Then QUQ + vr is invertible on QL 2 (R 2 ). In fact, one 
checks that an explicit solution of 

(QU Q + 7r )/ = g where Qg = g, Qf = f 

is given by 

f = Ug + c\v — ciUv with c\ - 



Jr2 \V(x)\dx' 

In view of this explicit expression, {QUQ + 7r ) _1 is absolutely bounded on QL 2 . 
Finally, the identity 

[Q(U + vG v)Q]- 1 = [QUQ + tt + QvG vQ - no}' 1 

on QL 2 allows one to repeat the same argument as in Case 1 and the lemma follows. 

□ 

The main technical result in Jensen and Nenciu |JenNenj is a formula for the 
inverse of M ± (A) _1 . In the general case, this is complicated, see their Theorem 6.2. 
But since we are imposing the condition of Definition [JJ it is relatively simple to 
compute that inverse, see the following lemma. Since we need somewhat stronger 
bounds on the error than those obtained in | JenNenj . we give all details. In partic- 
ular, the proof requires Lemma |H1 

Lemma 9. Suppose that zero is a regular point of the spectrum of H = — A + V . 
Then for some sufficiently small \\ > 0, the operators M (A) are invertible for all 
< A < Ai as bounded operators on L 2 (M. 2 ), and one has the expansion 

M ± (X)~ 1 = h^X)-^ + QD Q + E ± (X), (32) 



where h+(\) = alog A + z, a is real, z complex, a / 0, ^ 0, and h-(X) = h+(X). 
Moreover, S is of finite rank and has a real-valued kernel, and E^(X) is a Hilbert- 
Schmidt operator that satisfies the bound 

|| sup A-5| J E ± (A)(-,-)lL 5 + ll SU P A5|9 Aj E ± (A)(-,-)|||^<1 (33) 

0<A<Ai 0<A<Ai 

where the norm refers to the Hilbert-Schmidt norm on L 2 (R 2 ). Finally, let Ry{X 2 ) = 
(-A + V-(A 2 ±iO)) -1 . Then 

R±{X 2 ) = Rq{X 2 ) - J R ± (A 2 )^M ± (A)- 1 ^ ± (A 2 ). (34) 

This is to be understood as an identity between operators L 2 '2 +e (]R 2 ) — > L 2 ~2~ £ (M. 2 ) 
for some sufficiently small e > 0. 
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Proof. For the purposes of this proof set T = U + vGqv. By assumption, QTQ is 
invertible on QL 2 (M. 2 ). Moreover, by Corollary H3 with respect to the decomposition 
L 2 (R 2 ) = PL 2 (R 2 ) © QL 2 (R 2 ), 



M ± {\) 



g ± {X)P + PTP PTQ 



QTP QTQ 
Denote the matrix on the right-hand side by A(X) = 



. To invert M ± (X) 



a u ai 2 

021 a22 

and thus A(X), we use the well-known Fehsbach formula, see eg. Lemma 2.3 in |.7enNenj . 
This requires that a := (an — ai2«22 a 2l) _1 exists, and in that case 



A(\y 



-i 



0, — 0,(112^22 

-Oj22^21 a 0-22 ® , 21®'Q'12®'22 ^22 



(35) 



Note that in our case, as an operator on the line Ran(P) = {cv : c E C}, 

a = /i±(A) _1 P where h±(\) := 5 ± (A) + trace(PTP - PTQDqQTP). 

The trace is real- valued since v is real- valued and since the kernel of T is real- valued. 
In view of the definition of g ± (X), h±(X) 7^ provided A > is sufficiently small. 
Moreover, by l|3"5)) we see that 

A(X)' 1 = h ± (X)- 1 S + QD Q 

where S is of finite rank (in fact, the rank is at most two). By the definition of 
h±(X) and by Lemma El 

^(A)- 1 ^-)! +X\d x A(X)-\-,-)\ < \S(;-)\ + \QD Q(;-)\, (36) 

where the right-hand side is an L 2 -bounded operator. Now 

M ± (X)' 1 = AiX)- 1 ^ + vE^WvAiX)- 1 ]- 1 . 

The second inverse on the right-hand side exists for small A since then 

|[«J5^(A)t;ACA)- 1 ]| < |, 

see (|3Uj) . Moreover, writing out E ± (X) as a Neuman series, one obtains ()33j) from (|30(1 
and (|36j) by termwise estimation. 

Finally, (|34[) is the well-known symmetric resolvent expansion which follows easily 
from 



(7 - Uv{-A + V - z)- L v)(I + Uv(-A - z)-"v) = I or 
V(-A + V - z)- x V = V-v(U + v(-A - z y 1 v)- 1 v 

for Qz > 0. Passing to the limit Qz — ► now leads to (|34|1 via an application of the 
resolvent identity and the limiting absorption principle, cf. (|16|) , □ 
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Corollary 10. Let zero be a regular point of the spectrum of H = — A + V. Then 

R±(X 2 ) = i?J(A 2 ) - MA)- 1 Ro (X 2 )vSvR±(X 2 ) 

- R±{X 2 )vQD QvR±{X 2 ) - R±{X 2 )vE ± {X)vR±{X 2 ) (37) 

where S and (A) are as in the previous lemma. This is to be understood as an 
identity between operators L 2 '2+ e (]R 2 ) — » L 2, ~2~ £ (R 2 ) for small e > 0, i.e., as in the 
limiting absorption principle (j!6j) . 

Proof. This is an immediate consequence of Corollary and Lemma El □ 

We now turn to decay estimates. 

Proposition 11. Let x be a smooth cut-off function on the line with x(A) = 1 if 
A < Ai and x(A) = if A > 2Ai where X\ > is a small constant. Assume that zero 
is a regular point of the spectrum of H = — A + V. Then 



(e itH 



1 r°° 9 

X (VH)Pac(H)f,g}\ = - e ux X X (.X)([R+(X 2 )-R v (X 2 )]f,g)dX 

71 Jo 

< cir'ii/iiiNii (38) 

for every f,g £ S(M. 2 ). Here C is a constant that only depends on V and x- 

The proof of Proposition ^2 is based on the expansion of i?^(A 2 ) stated in Corol- 
lary ^3 Each of the four terms on the right-hand side of (|37|) requires a separate 
argument. We begin with the free case. 

Lemma 12. Hq = —A satisfies 

\{e UH ° X (VH~o)P ac (H)f,g)\ < C|* I" 1 ||^||i 

for all f,geS(R 2 ). 

Proof. This follows immediately from the standard bound ||e 4tH °/||oo ^ 
and the fact that xW^o) an d Pac(H) are bounded on L 1 (M?) (for the latter, use that 
the number of negative bound states is finite |Stoj , as well as that the eigenfunctions 
are exponentially decaying by Agmon's bound, and therefore in L 1 (M 2 ). Moreover, 
they are in L°°(R 2 ) by Sobolev imbedding). Alternatively, one can give a self- 
contained proof via stationary phase. Indeed, from (|2"%|) 



R+(X 2 )(x,y) -R (X 2 )(x,y) = l -J (X\x 



Thus 



(e itH ° X (VHo~)Pac(H)f,g 
1 



< 



2tt 



OO 

e itx2 X X (X)MX\x-y\)dX \P ac (H)f(x)\\g(y)\dxdy. 
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Now Jq(u) = e tu uj + {u) + e m w_(u) where |w±(u)| < (1 + \u\) 2. Therefore, 



< 



+ 



■\ X (\)M\\x-y\)d\ 



e i[^ 2 -M^y\]x x (\p + (X\ x - y \) d\ 
A^ 2 +Mx-y\] Xx (\) UJ _(\\ x - y \)d\ 



(39) 
(40) 



^2t^ ■ Hence that integral 



Let t > 0. The phase in (|3*§)) has a stationary point Ao 
is 

<HAo(i + Agt)-a <r x 

by stationary phase (we leave it to the reader to fill in the remaining details here). 
The integral in 1)40)) can be estimated directly by means of integration by parts. □ 

The following lemmas deal with the contribution of the term containing QDqQ 
in 1)37)1 . In what follows it will be assumed that zero is a regular point of the spectrum 
of H = -A + V. 

Lemma 13. Let (QDqQ)(-, ■) denote the kernel o/QDqQ. There is the bound 



R 8 JO 



JtX 2 



Ax(A)x(A|x - xi|)y (A|x - x 1 \)v(x 1 )(QD Q)(x 1 ,y 1 )v(y 1 



MMvi - vlMMvi -y\)dx f(x) g ( y ) d Xl d yi dxdy < c Itr'H/WMIi (4i) 

with a constant that only depends on V . 
Proof. We make the following claim: 

f'°° r 9 "1 

/ e itx2 X X (X) x(A|x-xi|)y (A|x-xi|)--x(A(l + |x|))log(A(l + |x|)) 

Jo L 7T J 

MMvi - y\)x(Mvi -y\)dx\<c ^(l + iog+ |n| + log- |x - n|) (42) 

for all x, xi, y, y\ G M 2 . Let 

k(x, xi) := 1 + log + \x% \ + log - \x — x%\. (43) 
If (j!2J) holds, then the left-hand side of JUJ) is 

< | ( |- I fc (x,x 1 M. 1 )l(0 D oQ)(, 1 , M )K»)l/WI| 9 «l^^^ 

Jr 8 

r — i 

< I*!" 1 SUp ( / fe(^^l) 2 |^IK)^l)"lllQ^0Q||| 2 -*2||^||f||/||l| 



ISlli 



<li 



-1 



lllSlli, 
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as desired. To see this, observe firstly that 

v(x)(QD Q)(x, y)h{y) dxdy = (44) 



for any h G L 2 (M 2 ). Secondly, use Lemma |H] to control the L 2 -operator norm of the 
kernel \QD Q\. To prove (02), let 

F(X,x, Xl ) := X (A|x - xi\)Y (X\x - xi|) - - X (A(1 + |x|))log(A(l + |x|)) (45) 

7T 

G(A, j/i,!/) := J Q (A| yi - y|)x(A| yi - y\). (46) 

If we choose 1 > Ai > so that 2Ai lies to the left of the first zero of Jo, 
then G(X,yi,y) is nonincreasing in A (recall the definition of x m Proposition llljl . 
Moreover, in that case < G < 1 for all choices of arguments. Recall that 
J (z) = 1 + 0(z 2 ) and 

Y (z) = -(log z + c)J (z)+r(z) (47) 
y '(z) = — J (z) + -(log z + c)4(z) + r'(z) = — + g{z) (48) 

TTZ 7T 7TZ 

where r(z) is analytic for all z and 5(2) bounded on (0, 00), say. Hence one has 
F(0+, x, x\) = |:C + ^ log yxCT ; an d C(0, yi, y) = 1. It is easy to check that 



X-Xl 
log 1 . 1 1 

1 + |x| 

Indeed, if \x\ > 2\x\\, then 



< 1 + log + |xi| + log \x — x\\ = k(x,x\). (49) 



1 1 |x — x\\ 2\x\ 

- XM > X] + -\x- Xl \ X[]xm < < ^ < 2. 

On the other hand, if |x| < 2|a?i|, then 

min(l, \x - xi|) < \x - Xjj < 3jxi| < 
1 + 2|xi| ~ 1 + |x| ~ 1 + |x| ~ 

and (|49jl follows. Integrating by parts inside the integral in (|42j) therefore leads to 
the estimate 

/•OO 

m £ \t\- 1 k(x, Xl ) + \t\~ l \ X '(\)\\F(\,x, Xl )\\G(\, yi ,y)\d\ 

JO 

+ / |a A F(A,x,xi)||G(A,yi,y)|dA (50) 
J 

/>oo 

+ / |F(A,x,xi)||aAG(A,yi,y)|dA. (51) 
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Recall that the support of x' is contained inside [Ai, 2Ai]. Thus the integral involving 
x'(A) is easily seen to be 

< sup \F(X,x,xi)\\G(X,yi,y)\ < 1 + log - \x - x x \, 
cf. (gZJ). With the notation of (gHJ, 

d x F(X,x, Xl ) = ™|x(A|x - xi|) - X(A(1 + \x\)) 

IT XI 

+ \x — xi\x'(X\x - xi\)Y (X\x - xi\) + \x — xi\x(X\x - x\\)g(X\x - x\\ 
-- X , (A(l + |x|))(l + |x|)log(A(l + |x|)). 

7T 



(52) 



Hence, 



m < ir 1 / |x(A|x - xi|) - X (A(1 + Ixl))^- 1 dX 
Jo 

\x - xi|[|x'(A|x - xi|)| + x(A|x - xi\)} dX 
(l + |x|)| X / (A(l + |x|))|dA 



+ \t\ 

< itr 1 



1 + log" 



2\x — x\\ 
1 + \x\ 



+ log" 



( 



2(l + |x|) 



\t\ 1 k(x,xi), 



\x — X\\ 

where we used (j49|) in the last step. In passing, we note that we have shown the 
following: 



sup \F(X,x,xi)\ < \F(0,x,xx)\ + f IdxFfax^JldXSkfax!) 

0<A<1 Jo 



(53) 



As observed previously, d\G has a definite sign. Moreover, F{X,x,x\) only has a 
finite number of zeros in A. Hence, one can break up the integral (|51|) into finitely 
many disjoint intervals, remove the absolute values on each of them, and then inte- 
grate by parts. The only boundary contribution occurs at A = 0, for which we have 
already obtained the desired bound. Otherwise, the remaining integral is bounded 
above by (|5U|). and we are done. □ 

The following lemma deals with an integral very much like the one in (|41jl. The 
difference here is that we consider the contribution from large arguments inside Jo, 
which makes it necessary to exploit the oscillations of Jo- This will be done by 
means of Lemma [2j 

Lemma 14. Let (QDqQ)(-,-) denote the kernel of QDqQ. Let x = 1 — x- Then 
there is the bound 

f oo 



R 8 Jo 



JtX 2 



AxO)x(A|x - xi|)Yb(A|x - x 1 \)v(x 1 )(QD Q)(xi,yi)v(yi 



MMvi -y\)x(Mvi -v\)dXf{x)g{y) dxidyidxdy 



< C\t 



-i 



i||fl1li 



(54) 
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with a constant that only depends on V . The same statement holds with the role of 
the cut-offs interchanged, i.e., with x(A|x — x\\) and x(A|y — yi|). 

Proof. As usual, 

J (y) =e^ + (y)+e-^_(y) (55) 

where |ctyj(y)| < (1 + \y\) ~2~ £ for all i > 0. Correspondingly, there will be two 
contributions to lfo^|) . We start with the phase 4>-(X) = A 2 — A|y — yi\t^ which has 
a critical point at Aq 



\y-yi\ 

2t 



In that case we claim that 



CO _ o 

e^-^Ax(A) X (A|x - Xl \)Y (X\x - Xl \) - - X (A(1 + |x|)) log(A(l + \x\)) 



TT 



u-(x\vi - vDxWvi -y\)d\ <c \t\~ l k{ x , x x ) 



(56) 



for all x,xi,y,yi G M 2 . Here k(x,x\) is as in (|43|). Moreover, as in the previous 
proof, this bound will lead to the desired estimate in (|54|) in view of (|H|l . With 
F(A,x,xi) as in (|45|) . set 



o(A) := Ax(A)w-(A||/ - yi\)x(Mv ~ yi\)F(X,x, Xl ) 
where we suppress the other variables inside a. By Lemma |21 

( KA)I , l«'(A)| 



(57) 



s^- (A) a(A) dX 



< itr 1 



rj 2 + |A- A | 2 + |A-A 



X[|A-A |><5] ( 58 ) 



To establish our claim we therefore need to show that the integral in (|58|) is < 
Using one concludes 



|a(A)| 



oo r5 2 + |A - A | 2 



r/A 



< 



< 



/c(x, Xl) 



A X (A)|u;_(A|y-y 1 |)|x(A| 2 /- m |) 



fc(x,xi)|y - yi\ 2 



5 2 + |A-A | 
l 



dX 



Vx 



dX. 



i c \ y - yi \-i 5 2 + \X- A |- 
Now suppose first that Ao > 5, which is the same as \y — y%\6 > 1. Then 

- f 1 

'c\y-yi\ 



\y - yi 



-i 8 2 + \X-X Q \ 2 



r/A 



< 



fx 







o <5 2 + |A-A | 



1 VW^M 

o 5 2 + |A-A | 



rJA 



^ la/ — 3/1.1 



^{ VVT 1 + H} < 1 + (|y - yil^)- 1 < 1, 



(59) 
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as desired. On the other hand, if Ao <C S, then also \y — yx\6 <C 1 and thus 



\y-yi\ 2 



c\y-yi\ 
l 



-i <5 2 + |A- A | 2 



dX 



< 



y - yi 



A"2 dX < 1. 



c \y-yi\ 



It remains to bound the contribution of the term involving a' (A) in (|58|) , Inspection 
of (|52")l reveals that \d\F(X,x,xi)\ < A -1 . Combining this with yields 



|a'(A)| < xi) [(x(A) + A| X / (A)|)(A|y - Vl \)-*x{Mv ~ Vx\) 



+ x(A)|x'(A|y-yi| 



(60) 



We start with the second term in ()6Uj) . Its contribution to the integral in (|58|) is 

lx'(A|y-yi m 



< 



' Q Xl\X-Xo\>8] |a _ Aq| 



dA. 



(61) 



The integration region here is contained inside an interval of the form [c\\y — 
yi\~ 1 ,C2\y — 2/1 1 ~ 1 ] where c±,C2 are some positive constants. If Ao x |y — 
then also |y — x 1. Hence in this case 

(EH) < iog(i + J- 1 !?/ - z/iT 1 ) < i. 

If on the other hand either Ao 3> \y — yi\~ l , or Ao <C \y — then 

'c 2 \y - yi\ 



(ED < 



log 



^-Ao 



ci\y - yi\ 



X 



< 1. 



It remains to consider the first term in l)60|) . Its contribution to the integral in (|58jl 
is 



< 



[A|y- yi |>l] 



X[|A-A |><5] 



dX 



X-X \Vx' 



(62) 



If Ao <C |y - 2/1 1 \ then 



©Sly-id - * / 
■A; 



[A|y-yi|>l] A2 



If, on the other hand, Xq > \y — yi\ , then 



<E2) Z \y-yi\~* 



2 A ° dA 



dX 



o A vA Ji\ |A-A C 
<\y-yi\-Hx^+S^)<l, 
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as desired. In the last line we used that Ao > \y — is the same as \y — y±\5 > 1. 
This concludes the proof of claim (|56|) . 

It remains to consider the phase </>+(A) = A 2 + t \y — y\\X. The corresponding 
estimate is 

r 2 i 

e ^ + (A) Ax(A) x(A | x _ Xl \ )Yo (X\ x - Xl \) - - X (A(1 + \x\)) log(A(l + |x|)) 

L 7T J 

w+(A|yi - y|)x(A|yi -y\)d\\<C {t^x, x x ) (63) 

for all x,x\,y,yi G M 2 . Setting 

a(A) := A X (AV+(A|y - yi )x(X\y - yi\)F{\, x, Xl ) (64) 
a single integration by parts in the left-hand side of (|63|) yields 

»*w- I fiw* +w ~T$i ,tt - (65> 

As before, Ao = ^of 1 ■ Then 

Jo 10' (A) 2 dA ~ fc(a?» — J A ^( A2 + A o) _1 X[A| y - yi |>i]rfA 

f°° _3 _i 

<k(x,xi) A %-yi| 2 X[A| y - yi |>i] dA 

JO 

< k(x,xi). 

To estimate the second integral in ([65)) . we use (|6U|) which remains valid with 
Hence 



i r 00 i 

d\ < k{x,xt)\y- yi\~2 / A~3(A + A )~ X[\\ y - yi \>i] dX 



W(x)\ 

o I0V(A)| 

<fc(a?,a;i) / A~5] y — 2/i| _ ^X[A|y-3/i|>l] rfA 



< 



k(x, xi). 



In view of the preceding, (|65|) < ji)™ 1 k{x,x\). Hence (|63|) holds and ((54"j) has been 
proved. 

The final statement about interchanging the roles of x an d X 1S implicit in the 
previous proof. Indeed, (|5"5*)l holds equally well for Yq instead of Jo- Moreover, one 
replaces F(X,x,x\) with G(X,y,y\), see (|46[). and the bound (|53|) with the trivial 
one < G < 1. We skip the details. □ 

The final lemma dealing with QDqQ controls the contributions of those A for 
which both resolvents on either side of vQDqQv are evaluated at arguments of size 
> 1. In this case it will be convenient to work with the full kernel of the resolvents, 
i.e., the Hankel functions without splitting them into Jq and Yq. 
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Lemma 15. Let (QD Q)(-, •) denote the kernel of QD Q and set x = 1 — X- There 
is the bound 



o JR 4 



^ A X (A)x(A|x - xi|)fl*(A|x - x 1 \)v(x 1 )(QD Q)(x u y l )v(y 1 



H^(X\y 1 -y\)x(X\y 1 -y\)dXf(x)g(y)dx 1 dy 1 dxdy < C \t\~ l \\f\\ x \\g\\ x (66) 

with a constant that only depends on V . 
Proof. One has 

H^(y)x(y) = j y u+(y) and H^(y)x(y) = e^u-iy) (67) 

where u>- = uTjT, and |a>± (y)\ < (1 + | j/| ) a ^ for all I > (the reader should note 
that we are slightly abusing notation here, since u± already appeared as the decay 
factors of Jo ~ but this abuse of notation is of no consequence). Correspondingly, 
there will be two phases to consider in (|66|). namely 



0±(A) = A 2 ±A 



\x - xi\ + \y - y\\ 
t 



Set p = \x — x\\ and q = \y — yi\ for simplicity. We may assume that p > and 
q > 0. We claim that 



^±WX X (X)x(Xp)LU ± (pX)x(Xq)u;±(qX)dX 

uniformly in p, q > 0. The phase </>_ has a critical point at 

p + q 



< \t\ 



(68) 



Ac 



2t 



Let a±(X) = Xx(X)x(Xp)uJ±(pX)uj±(qX)x(Xq) . Then by Lemma|21 



Jt4>-M a _(X)dX 



< \t 



-i 



|a_(A)| 



+ 1*1 



<5 2 + |A-A | 2 
00 'a'_(A)| 



dA 



o 



^— ^-rX[|A-A |><5] 



dA. 



(69) 



The integral involving a- (A) is 

-1 



dA 



(pq)' - i , , ^ N i 

icfp^+r 1 ) o +\A - Ao| 



Here we used that Xo > p 1 + q 1 is the same as pq > t or pg5 2 > 1, as well as the 
bound 



(pg)-t(p x + g x ) ] 



p + q 



< i. 
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Since 

the integral involving a'_(X) in (|69|) is 



~ (P?) * / X[|A-Aol><S] m ""' x ■ • ( 70 ) 

i+o-l) A|A — Ao| 



dA 

Xf|A-A |>(flTT7 



Now suppose that Ao -C 5. Then |A — Ao| > 8 implies that A — Ao > A. It follows 
that 

m < (mr 1 * t § < (pqrkp-'+q- 1 )- 1 < i. 

Jc(p- 1 +cj" 1 ) A 

On the other hand, if Ao > 5 which is the same as (p + q)5 > 1, then by Cauchy- 
Schwarz 



«™ ^ , v i / f d\\?/ r dX 

< {pq)-^{p- 1 + q- l )-^5'^ = {5{p + q))~* < 1. 

Hence ()68j) holds for the phase </>_. 
We now turn to <^>+. By inspection, 

|o+(A)| < {pqy^X{\>p-i+ q -i] and |a' + (A)| < A~ 1 (pg)~3x[ A > JI -i + , 
Integrating by parts therefore leads to 

ra <,,-! r |q + (A)| , f KW1,. 

1 f°° 
Jo 

/•oo 

+ \t\~ 1 (pq)~2 / A _1 (A + A ) _1 X[A>p-i+g-i]^A 



o 

< \tr\pq)- 1 * / °° A- 2 x[A>p-i+ ff -i] ^ < ir 1 ^ < ir 1 , (71) 







and thus (|68[) also holds for $> + . We leave the remaining details to the reader. □ 

We now combine Lemmas 1131 I14| and to obtain the following lemma. It 
bounds the contribution of the constant term in the expansion 1)32(1 . see also ()37j) . 

Lemma 16. For all test functions f,g and all t one has 

e ltx2 X X (X)([R^(X 2 )vQD QvR+(\ 2 ) - R (X 2 )vQD QvR (A 2 )]/, g) dX 

<\t\- l \\fh\\9\\i (72) 
with a constant that only depends on V . 
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Proof. Recall the representation (|'28[) with H (z) = Jq (z) ±z'Yo(z). Hence, 
i?+(A 2 )(x,xi) J R+(A 2 )(yi,y)- J R (A 2 )(x,xi) J Ro(A 2 )(yi,y) 
= - l -(Y (X\x - Xl \)MX\y - y x \) + J (A|x - Xl \)Y (X\y - Vl \)). (73) 

In addition, we break up the integration region (0, oo) by means of the partition 
1 = x(^) + x(ty- More precisely, write each resolvent as 

R±(X 2 )(x, Xl ) = x (A|x - Xl \)R±(X 2 )(x, Xl ) + x(A|x - X!|)^(A 2 )(x, Xi). 

This leads to four different terms in (|72j) . Those terms that contain at least one 
x(A|x — x\\) or x(A|y — yi\) we rewrite further using ((73*|) . The other term which 
involves only x we leave in terms of Hankel functions. Each of these different com- 
binations is estimated by one of the previous three lemmas. □ 

Next we turn to the term involving S in (|37|), 

Lemma 17. Let S and h±(X) be as in Lemma\Q Then for all test functions f,g 
and all t one has 

J e ^ 2 A x (A)([ ) -^i?+(A 2 )^ J R+(A 2 ) - J -^- ) R (X 2 )vSvR (X 2 )]f, g) dX 

Sir'll/llillslli (74) 
with a constant that only depends on V . 

Proof. Recall that S is of finite rank, and thus Hilbert-Schmidt. In particular, if 
S(x,y) denotes the kernel of 5, then \S(x,y)\ is again an L 2 -bounded operator. 
Hence, one shows as before that (J7%|) reduces to the bound 

POD 

/ e dX ' 2 X X W W(X\x - x 1 \)H+(X\y 1 - y\)h+\\) 
Jo 

- H (X\x - Xl \)Hu(X\ yi - y\)hz\X)] dX 
< Itp 1 ^ + log - |a; — + log - |i/ - (75) 

As before, we set p := \x — x±\ and q := \y\ — y\ for simplicity. We again need to 
distinguish whether or not the arguments of the Hankel functions are > 1 or < 1. 
This will be accomplished by means of the usual partition of unity 1 = x + X- It 
will also be important to remember that 

h + (X) = a log A + z and /i_(A) = a log A + z, 

where o / 0. It is understood that the cut-off x(A) in ((71)) is such that h±(X) ^ 
on the support of x- One of the four terms in (|75|) which arises as a combination of 
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X and x is 



jtX 2 



Ax(A)x(Ap)x(Ag) 



J (Xp)J (Xq)-Y (Xp)Y (\q) 



(logA + ci) 2 + cj 



dX 



MX* 



Ax(A)x(Ap)x(Ag) 



lMXp)Y (Xq) + Y (Xp) J (Ag)](log A + ci) 



(logA + ci) 2 + c\ 



dX 



< |t|- 1 (l + log-p)(l + log- 



(76) 



This is proved by one integration by parts using Xe ltx2 = 2H^ ei * A • I n view of (|47|) 
the fractions inside of the two integrals take the values and — , respectively, at 
A = 0. Thus, the boundary terms contribute < to the integration by parts. It 
remains to show that 



L 





+ 



d 



dX 



x(A)x(Ap)x(A<?) 



Jo(Xp)J (Xq)-Y (Xp)Y (Xq) 



dX 



poo 


d r 


Jo 


dXV 




< 



x(A)x(Ap)x(A<?) 



< (l + log-p)(l + log-g) 



(logA + ci) 2 + ci 
[Jo(Xp)Y (Xq) + Y (Xp)J (Xq)](log A + d) 



(logA + ci) 2 + 4 



dX 



If the derivative falls on x(A), then the resulting term is clearly bounded by 



< 



(1 + log p)(l + log 
term contributes 



I. On the other hand, suppose it falls on x(Ap)- Then that 

1 + log~(g/p) . _ 

£ : : : + X[ P >i] < 1 + log <?, 

1 + log^ p 1 ~ J 

and similarly if the derivative falls on x(A(?)- It therefore remains to check that, 
with Ai = cp^ 1 A cq^ 1 Ac (c being some small constant) 



/•Ai 


d r 


10 





d r Jo( Ap)Jo(Ag)-yo(Ap)y (Ag) 
(logA + ci) 2 + c| 



dX 



/•Ai 


d r 


/o 


dA i 




< 



[J (Ap)y (Ag) + Y (Xp)J (Xq)](logX + Cl ) 



(logA + ci) 2 + c| 



dA 



(77) 
(78) 



We start with (|77|). Recall the expansion l)I8)l for Y '. Also, let n(A) > be such 
that re(A) 2 = (log A + ci) 2 + c\. Then clearly n(A) 
©((AlogA)- 1 ) as A -> 0. Hence 



log A| and ra'(A) = A -1 + 



o 



Al A 1 +p g(Ap) _ A 1 + gg{Xq) _ 

2 (log (Ag) + 0(1)) + (log (Ap) + 0(1)) 



+ 2 



n(A) 2 v ° v w/ n(A) 

(log-(Ap) + 0(l))(log-(Ag) + 0(l)) , 



n'(A) 



dA + 1. 



(79) 



n(A) 3 

Each of the three terms inside the absolute value contains an expression of the form 
A1 P g ^ . Since these are not integrable, one needs to check that they cancel. Indeed, 
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combining them yields 

21ogA 2(logA) 2 , \^-2^ 

which is integrable. Otherwise, we claim that (|79|) < (1 + log~p)(l + log - q) 
see this, observe first that for all < A < Ai, 

log~(Ap) = log~ A + log~(p) = - lo g(A) - lo s(p), log~(A<?) = - log(A) - log 
Hence, 



L 



< 



< 



Al pgipX) 
n(A) 2 

Al p\g(pX)\ 



Qog-(Xq) + 0(l))dX 
, (l + log-(A))dA(l + |logg|) 



n(A) 

p\g(p\)\ dX(l + log - g) 



< 1 + log q. 
To pass to (|81|) . note that if q > 1, then 
l + log-(A) 



sup 

o<A<Ax n(Xy 
whereas if < q < 1, then 



d+iog,)< sup i+ y <i. 



sup 1 + 7TW^~ ( 1 + lQ g 9)<l + log 

0<A<A! n (A) 



Furthermore, 



A X A -l 



n (A) 2 

eg -1 Ac 



(log-(Ag)-lo g A + 0(l))dA 



< 



< 



1 



dX (l + |logg|) 



o A(logA) 2 

' (l + |logg|) < 1 + log-g. 



log (cq 1 Ac) 
Finally, we estimate 

" Al (log-(Ap) + 0(l))(log-(Ag)+0(l))-(logA) 2 , 



< 



+ 



Al n'(X) 




dX + 



n (xy 

Vl log-(Ag) , 



n'(A)dA 



n(A) 2 



n'(A) dA + 



Vl log-(Ap) , 



n(A) J 



n'(A) dA 



Al log-(Ap)log-(Ag)-(logA) 2 

7— To n [A aA 

n{Xy 
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By our previous discussion, 



(jHl < 1 + log q + log p. 



(86) 



On the other hand, 



u | logp|| log (A<?)| + | log ^| 







A(logA)3 



dX 



< 



+ 



cp 1 Ac 



logp| 



A(logA) 2 
cq ~ lAc \]ogq\ 



A(logA) 3 
< (l + log-p)(l + log 



dX + 
dX 



cq lAcp *Ac |l og p||l ogg | 

A(logA)3 



dX 



(87) 



Combining (|87|l. (|86|). (|82|). (|83f) (and their analogues with p and g interchanged), 
as well as (|80j) yields that 

CZS) ;$ (i + iog-p)(i + iog-?), 

as claimed. As far as (|78|) is concerned, it will suffice to treat the term involv- 
ing Jo(Xp)Yo(Xq). This amounts to bounding 



(Ap 2 + 0(AV))(log~(A?) + O(l)) 



+ 



n(A) 2 

(l + Q(AV))(-A- 1 + gg(gA)) 
n(A) 2 

(l + 0(AV))(log-(A (? ) + 0(l)) 



(logA + ci) 



(logA + ci) 



An(A) 2 

l + O(AV))0og-(Ag) + O(l)) , 



n(A) ; 



n'(A)(logA + Cl ; 



dX 



(89) 



The first line (|88j) contributes < 1 + log q, as do all the O-terms in the other three 
lines. The remaining expression inside the absolute values is 



-2 



log A 

An(A) 2 



2(logA) : 



n'(X) 
n(A) 3 



OCA-^logA)"*) 



-2\ 



as A — > 0. This establishes (|76|). 

Next we turn to the term containing the product x(Xp)x(Xq). I n analogy with 
Lemma Hoi we work with the Hankel functions rather than Jo, lo- Thus we need to 
show that 



e *[^(p+9)]M^x(Ap)x(Ag)a; ± (A g )a; ± (Ap)dA 



(90) 
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uniformly in p, q > 0. Up to the factors h^} this is the same as Combine these 
factors with the A-factor that appears in the integrand. This leads to functions that 
satisfy 



A 



MA) 



< A and 



d A 



dX MA) 



< 1 



on the support of x- Hence all the arguments from the proof of Lemma IT51 apply to 
this case as well, and (|90jl holds. 

It remains to consider terms that contain x(Ap)x(Ag) or x(^q)x(^p)- These 
terms are analogous to those in Lemma ITU We claim that 

n>~ 2 \ arn \ r\ \ M^p)M^q) ~ Y Q (Xp)Y (Xq) 

e Ax A x Ap x Ag T — 2 2 d\ 

(log A + c\Y + c 2 

a>?\ (\\~(\ \ (\ \ [M^P) Y o(Xg) + Yp(Xp) J (Ag)](log A + ci) 

e Ax A)x (Xp )x (Xq) T r- , 2 2 dA 

(log A + ci) 2 + 

< Itl-^l+log-g). (91) 
Write Jo, Yq as 

Mv) = e iy P+(y) + e~ w P-{y) and F (y) = e l V+(y) + e~ iy a-{y) 

where p±, a± decay like y~2 together with the natural derivative bounds. Thus l|9"T|) 
is the same as 



e it ^ X hx(X)x(Xp)x(Xq) 



p±(Xp)J (Xq) - a ± (Xp)Y (Xq) 



(logA + ci) 2 + cfj 



dX 



+ 



^^Xx{X)x(Xp)x(Xq) 
< Itl-^l + Iog-g), 



[p±(X P )Y (Xq) + a ± (Ap)J (Ag)](log A + Cl ) 
(logA + ci) 2 + c| 



dX 
(92) 



where ^±(A) = A 2 ± 2£. The bound (jUJ) can is obtained by means of Lemma [2J In 
fact, the analysis in Lemma ITU carries over to this case with minor modifications. 
To see this, note that 

P±(Xp)J (Xq) - a ± (Xp)Y (Xq) 



Ax(A)x(Ay)x(A<?)- 



(logA + ci) 2 + 4 
< Ax(A)x(Ap)x(A<?)(Ap)~5(l + log-g) 



(93) 



and also 



Ax(A)x(Ap)x(Ag) 



[p±(\p)Y (Xq) + a±{Xp) J (A?)] (log A + Cl ) 



(logA + ci) 2 + C 2 , 
< Ax(A)x(Ap)x(Ag)(Ap)-s(l + log- g). 



(94) 



And similarly for the derivatives. Since these bounds are the same (or even slightly 
better) than those satisfied by the functions a± in (|57jl and (|64|). the analysis of 
Lemma ITU pertaining to these functions carries over to this case as well, cf. (|58[). 
(|63[). and (|65|). This finishes the proof. □ 
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In view of Corollary I1U1 the only remaining piece in the proof of Proposition ^2 
is that term in the expansion (|37|) which involves E^. 

Lemma 18. Let E ± (X) be as in Lemma\Q Then for all test functions f,g and all 
t one has 

e itx2 \ X (\)([Rt(\ 2 )vE + (\)vR+(\ 2 ) - R (X 2 )vE~(X)vR^(X 2 )]f,g) dX 

Sirl/HiHdli (95) 
with a constant that only depends on V . 

Proof. In analogy with Lemmas ll.3U141 andED we divide the proof into three separate 
estimates namely, 

/ / e ltx2 Xx(X)x(X\x-x 1 \)H ± (X\x-x 1 \)v(x 1 )E ± (X)(x u y 1 )v(y 1 ) 
Jr s Jo 

H^(X\ yi - y\)x(Mvi -y\)dX f(x)g(y) d Xl d Vl dxdy\ < C Itl^H/HiNIl (96) 

oo 

e UX " X X (X)x(X\x - Xl \)H±(X\x - x 1 \)v(x 1 )E ± (X)(x 1 ,y 1 )v(y 1 ) 

h£(\\vi - y\MMvi -y\) dX f(?)g(v) dxid yi dxd y \ < c itri/lliMli (97) 

/'OO /> 

e itx2 Xx(X)x(X\x - Xl \)H±(X\x - xiMx^WfawMm) 



JR 4 



H h (X\y 1 -y\)x(X\y 1 -y\)dXf(x)g(y)dx 1 dy 1 dxdy < C \t\- L \\f\\ x \\g\\x- (98) 



Unlike in the case of QDqQ we do not exploit any cancellation between Hq and 
Hq . This is not only impossible but also unnecessary. In contrast to QDqQ, the 
logarithmic singularities of at zero are compensated for by the vanishing of 
^(A) at A = 0, see (j33j) . 

Let us start with that term where these singularities are not present, i.e., with (|98|) . 
Set p = \x — x\\ 1 q = \y — yi\, and Ao = Using the representation (|67]> and 

Lemma |U we arrive at 

i[ * A2 - A(p+9)1 A X (A)x(Ap)u;_(Ap)£:-(A)( a;i ,y 1 )x(A 9 )a;_(Ag)dA 

i«-(a)i ^ , r \ a '-W\ 



e" 



i /. ' 



5 2 + \X-Xr^ 2 



dX+ X[|a-Ao|>5]tt — ri dx \ SU P \ E 

Jo l A - A o| J 0<A<Ai 

+ il([\x-x \>6] X dX sup VX\d\E~(X)(xi,yi)\, (99) 

Jo l A — A 0| 0<A<Ai 

where we have set 

o_(A) := Xx(X)x(Xp)u;-(Xp)x{Xq)uj^(Xq). 
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Note that the first two integrals involving a_ appearing in 1)99|) have already been 
treated in Lemma [TBI Thus, the expression in braces is < 1. Moreover, the third 
integral which involves the new term A~2a_(A) is actually better than a'_(X), since 
the latter involves the loss of a full power of A relative to a_ rather than just a half 
power. Referring to the proof of Lemma El we can therefore again claim that the 
third integral in (|99j) is < 1. All that remains now is to observe that (|98|) follows 
from the preceding by means of the error estimates ()33j) . 

The case of E + is treated in an analogous fashion, see (|71|). and we skip the details. 
Next we consider the other extreme case, i.e., (j96|) in which H Q is only evaluated 
on the interval (0, 1]. Setting 

«±(A) := x(A)x(Ap)w ± (Ap)x(Ag)u; ± (A<?), 

a single integration by parts now yields 

POO 

/ e ux2 XxWx(^ ± (Xp)E ± (X)(x 1 ,y 1 ) X (Xq)u J± (Xq)dX 
Jo 

f°° i 
< / Vx\a' ± (X)\dX sup A-2| J E ± (A)(x 1 ,yi)| 

io 0<A<Ai 
f°° l 

+ \t\~ 1 / X~2\a±(X)\dX sup Vx\d x E ± (X){x 1 ,y 1 )\. (100) 

Jo 0<A<Ai 

Now 

|o±(A)| < x(A)(l + | log A| 2 )(l + log-p)(l + log- q) 
W±{X)\ < x [0 <A<i]A- 1 (l + I log A|)(l + log" p)(l + log" q). 

To obtain (|9fij). insert these bounds into (JlOOj) and invoke (|3*3"|) . 
It remains to consider the term of mixed type, i.e., ()97[). Thus set 

a_(A) := Ax(A)x(Ap)a;_(Ap)x(Ag)a;_(Ag). 

Applying Lemma [2] with Ao = |j one obtains 

e i[tA» -x P ] Xx (X)x(Xp)^ (Xp)E- (A) (x! , y{)x{Xq)w- (Xq) dX 



+ 



X[|A-Ao|><5]-tt rT~ dA r sup A a|E (A)(xi,yi)| 

l A ~ A o| J 0<A<Ai 

/•oo \— ^| 

+ \t\- 1 / X[|A-A [>*] |, \ | ^A sup v / A|5a-E'-(A)(xi, yi)|. (101) 

io l A - A 0| 0<A<Ai 
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The basic estimates on a_ (A) are 

l«-(A)| < A X (A)(Ap)-5(l + log- A)(l + log- q) 

< X[o<A<i](Ap)~3(l + log- A)(l + \og-q). 

Hence 

VA|a_(A)|<Ax(A)(Ap)-i(l + log- 9 ) 
v / A|a , _(A)|+A-5|a_(A)|<x [ o<A<i](Apr^(l+log-g). 

These are precisely the bounds that were used in the proof of Lemma ITU and one 
can therefore repeat the arguments appearing there, see (|58|) to (|62|) , Finally, the 
phase tX 2 + Xp can be treated as in (JHSJ), and we skip the details. □ 

Acknowledgement: The author wishes to thank Monica Visan for comments 
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